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Introduction

System-Bath dynamics

@ System: relevant part,
experimentally probed
= Few, important DOFs

@ Bath: irrelevant part, but
responsible for energy
transfer
= Large number of DOFs - T
of non-direct relevance | T

Quantum description is mandatory for inherently quantum
systems and/or low-temperature baths..
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Introduction

System-Bath dynamics

..e.g. in surface science
@ sticking of hydrogen atoms on cold surfaces
@ vibrational relaxation of light adsorbates at surfaces
@ surface diffusion of hydrogen atoms at low temperatures
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Introduction t-State Approximation S ctic structure Summary

System-Bath dynamics

Reduced equations of motion Unitary (approximate) evolution

First project, then evolve First evolve, then project
@ Density operator, p%? — @ Appromixate
prs time-evolution of the whole
@ (Approximate) equation of system p<(t)
motion for p¥*(t) @ Project whole state onto

system space, p% — p$
..also REOM for system

observables if Hisenberg ..also exact evolution if the bath
picture is preferred is not too large
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Introduction

Reduced Equations of Motion

Reduced density operator:
ps = trg[U(t,0)po U(t,0)1]

Initial factorizing conditions
p(0) = ps(0) ® p5(0)

J

Lindblad’s theorem
L = Lsys + Ldiss

Dynamical map:

ps(t) = V(t)ps(0) @ Lgysps = —i[H>, ps]

Markov Approximation, g < 7R @ Ljissps =

V() V(1) = V(t + ), b1, > 0 >k k(AkpsAl — SIALAK psl )
V(t) = exp(Lt) or equiv

dp;t(f) = Lps
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Introduction

Approximate Unitary Evolution

Dissipative dynamics for

H = HSYS 4 Hcoup Hbath

[Hbath _ Z/f=1( Py Smew2q?) and HeoWw! = St FeQr

where fi = f(x) and eventually wy, = wi(x)

@ System-bath interactions are local in system coordinates
@ Bath oscillators are (at least locally) harmonic
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Introduction

Approximate Unitary Evolution

Dissipative dynamics for
H = HSYs + Henv
HSyS HSyS(X p)
H™ = H*™ (a4, 1, --GF PFi X)

@ H®" is local in system coordinates
@ H°" is approximately harmonic in bath coordinates
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Local Coherent-State Approximation
@000

Basic idea

Main ingredients

Local, approximately harmonic environment hamiltonian
H — HSYs + Henv
Hsys — HsyS(X, p)
H" = H*™ (a1, p1, --GF, PF; X)

@ System locality = Discrete Variable Representation
@ Bath harmonicity = Coherent-States
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Local Coherent-State Approximation
[o] Tele}

Basic idea

DVR and CSs

Main ingredients

Discrete Variable
Representation (DVR)

@ P=PH P=F?
& = PH interesting subspace

@ H = L2(M), M D {xa}
e.g. for M =RN

1
‘5(!) = \/T—QP|XQ>

|Aa) = P|Xa)
(B | Bs) = Bs(xe) = Nodiag

V=V(x) = (éa| VIEg) ~ bapV(Xa)

Coherent-States (CSs)

HIY] = ApyAx,
SHIY] = 0 = (p— Po) ) = alx — Xo) [¥)

{5 +isBs o) = { 2% +ids v

(@a—2)[4) =0— [2) := |¢)

Ax = \/h/2mw — HMO = hw(ata+ 1)

wHO i
e 7 zg) = 72 |z)
Zt = e*""fzo
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Local Coherent-State Approximation
[e]e] e}

Basic idea

LCSA ansatz for T = 0 K case

@ DVR approximation in system space
W)= [ axlx) (x]9) = 3 [6) (o | W)

(&a | \U>sys = Ca |¢'oc>bath
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Local Coherent-State Approximation
[e]e] e}

Basic idea

LCSA ansatz for T = 0 K case

@ DVR approximation in system space
W)= [ axlx) (x]9) = 3 [6) (o | W)
(&a | \U>sys = Ca |¢'oc>bath

@ Hartree product approximation to local bath states

Do) = [ph) [65) - |65)
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Local Coherent-State Approximation
[e]e] e}

Basic idea

LCSA ansatz for T = 0 K case

@ DVR approximation in system space
W)= [ axlx) (x]9) = 3 [6) (o | W)
(&a | \U>sys = Ca |¢'oc>bath

@ Hartree product approximation to local bath states

Do) = [ph) [65) - |65)

@ Coherent-State approximation to spfs

|ba) ~ |25)
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Local Coherent-State Approximation
[e]e]e] ]

Basic idea

LCSA ansatz for T = 0 K case

@ System: C, Local (DVR)
“  approximation gath phase space atp
@ Bath: z*

Dynamlcal variables \‘ ‘},} 5 System configuration space
77
7

L

) . /;;\\ zg'
. e Bath pha t
’w> = Za Ca |£a> |Za> i . Local bath state ’ R\:’fe P
el ; E¥%,=C I > t 2
N &
|ZO!> = |Z1> |Z§> . |ZF> ) Hartree and CS

@ «  and
approximations

|®,>= |z1a>..|z:;>..|fa>
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Local Coherent-State Approximation
9000000
LCSA equations

Working equations

Dirac-Frenkel variational principle

(5W | ihdy — HIW) = 0

ihCo = Y5 HA™Cs + vE"Cs

env

ihCazk = Y5 HIA™ (2 — 2K)C5 + Ca ord(.zk* zK. xy)

a )Tt
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Local Coherent-State Approximation
0e00000
LCSA equations

Working equations: subsystem equations

@ Damped hamiltonian:

HEP = (6 | H1e5) (2a | 25) = M2 (Ze | 25) )
(Za 125 = o0 (s~ 122~ T2 it 0y = 3~ 28028
w|Zs) = e (Tap = 5% =757 ) WithTap =D 2072}

k=1

@ Effective potential:

auge
ngf _ V(Ilmf + Vg ] J

Vlmf <Zcx | HenV|Za> — He”"(..zk*,zk..;xa)

a = ord o fa
auge ; k|
vgauee = —lﬁz<za z§>
k=1
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Local Coherent-State Approximation
[e]e] lelelele]
LCSA equations

Working equations: bath equations

k — sk k
Za = Zaclass + Zaquant
@ Classical ‘force’
Sk i aHgg;( %)
aclass — h aa]» a7 a“v (e}

eg. for HIY = oy ok (ala + §) — Thoy (wal + ML)

aHenv k
one gets a;’;" = hwzl — Me(Xa)
k

@ Quantum ‘force’:

y d
Z(’; quant — hC Z amp ) Cﬂ J
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Local Coherent-State Approximation
[e]e]e] lelele]
LCSA equations

Working equations: properties

By using the Dirac-Frenkel variational principle, one gets for
free

@ Norm conservation

@ Energy conservation

@ ..and more generally a symplectic structure
@ computational cost o« F©
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Local Coherent-State Approximation
0000e00
LCSA equations

Working equations: properties

Power-law scaling

4000 [T
~N E 1
E L
v} E ]
& 3000 3
o £ 1
® E
2 ]
3 £ 100 DVR points B
c E ]
S 2000 - B
x L ]
3 E
5 ]
E E 50 DVR points El
o 1000 4
3 | ]
3 ]
T ]

“““““““““ Lo d

0 110 2x10*  3x10'  ax10*  sx10°
bath

(No inter-mode coupling)
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Local Coherent-State Approximation
00000e0
LCSA equations

T > 0 case

:Zpi

= Independent wavepacket propagation

LCSA\ /yLCSA
vies) (wies

E.g. p(0) = p¥5(0) ® pgath(o) harmonic bath in thermal equilibrium, pg = r|k Pﬂ
Bhw _ _ —Bhw
k= [ Pzwh(|2?) 25)2) (23] Wh(s) = =8 —Fes(1—e” 70

= Monte Carlo sampling of [ d?z'd?22..d2zF for initial conditions
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Local Coherent-State Approximation
000000e
LCSA equations

Comparison with Gaussian-MCTDH

@ (V) =3, Culta)lzl)..|2F) @ (W) =30 Ciloi)1z]) - 12f)

@ System-states |,) are @ System-states |¢;,) are
time-independent time-dependent

@ For each a there is one CS product, @ For each iy there is a number of CS
|23) - 125) products, {|2]) .. |z0)}1 = {Z}}s

@ Different o — different Z,, @ Different iy — same {Z/},

@ Orthogonal configurations @ Non fully orthogonal configurations
Vo) = |£a>(|;z(L> - 12E), W) =19ip) 12]) - 12).
(ValVp) = dap (Vig, 1[Wjo,0) = 0iy.jo (LIl Zs)

LCSA is a selected-configuration G-MCTDH variant, with simpler eq.s of motion
because it is tailored to system-bath problems
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e Application to model systems
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@ Large dimensional baths
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pproximation Application to model systems § ectic structure Summary

Model systems

Subsystem: H atom

L L . L .\
-1.0 0.0 1.0 0.0 2.0 40 6.0

x/a, 2 x/a,
Vibrational Tunneling Sticking
dynamics dynamics dynamics
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Application to model systems

Model systems
Bath

Truncated, discretized Ohmic bath

Hbe — HHO 4 Heoup

@ ‘Shape function’ f(x)
Heoup — _ Zk()\;'(ak + Aka}:) Ak = F(X)Ng @ Relaxation time 771 J

Jw)y=7> /\,Z(S(w — wk) = Mwy(w)

% vibrational dyn
f(x) =
Ohm = J(w) = mw~y

wk = kAw = kwouoff | F WO 5 sys

_ mywyAw
M= B
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Application to model systems

Model systems

Subsystem density matrix

e

Vibrational Tunneling

dynamics dynamics Sticking

dynamics
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Application to model systems

Model systems

Bath occupation numbers

Vibrational dynamics Sticking dynamics
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Application to model systems
[ lele}

Small baths

Vibrational dynamics
1D bath

\/\/\/\’\ 4k E IAVAVAVAVAV [ —
\V N N 1 £ s IV Y 4 —_———
AV £ NAAANS 1

\\//\V/\ ANNG S~ Vo ] —
AN/ AN g RYAVAVAVAVAV.ESS .
v\ R\/v—“:’ < “/\/\/\/\ P
: A W \ W
\ ™ /\\/ V 20F . 3/\ /\/\/\ 15 1

Harmonic oscillator Morse oscillator
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Application to model systems
(o] le}

Small baths

Vibrational dynamics

<x>/a;

0.30

0 50 100 150
t/fs

Morse + 2D bath, v~ ' =8 fs Morse + 3D bath, v~ ' =32 fs
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Application to model systems
[efe] ]

Small baths

Tunneling dynamics
1D bath

v /ps’
.0 1.0 2.0 3.0 4.0 5.0

1.0 g . o S L
1 | —
F 1 L -01F N
06 =4 b 4
L 1 < L i
o N ] w
E 12 1
041~ 1 8 T 1
E ] 02 3
1
0.0l i -u.3>...“””“”“
0 2 s s e 000 005 010 0.5

t/ps
¢?/ (mdyn/A)?

Double well, £, ~ 6 Kcal mol~", weys = 1530 cm™
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Application to model systems

9000000000

Large baths

Vibrational relaxation
Standard LCSA

0.40 . 0.250 1T T
r J0.08 r B
0.30| 1 ]
- 0.04
0.20 |H no 0.200
o %
A 0.10(H o
» @
v w
0.00 - 0.150
-0.10H - [ ]
-0.20 Ll Ll 1 00 Lo
0 100 200 300 0 100 200 300
t/fs t/fs

Morse + 50D bath, v~ =50 fs
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Application to model systems

O@00000000

Large baths

Vibrational relaxation
Damped LCSA

0.40 T T T3 0.250 .
[ ‘ . 5 L i
r ! - 0.08 L i
0.30
1 ~ 0.04
| ]
0.20 300 0.200
o %
A 0.10[H o
» 0 @
v H w
0.00 - 0.150
-0.10 F - [ ]
) AR RN MU N R oo L L L1l
0 50 100 150 200 250 300 0 50 100 150 200 250 300
t/fs t/fs

Morse + 50D bath, v~ ' =50fs, ;' —12.5s
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Application to model systems

0O0e0000000

Large baths

Vibrational relaxation
Damped LCSA

1) I B

E W o.150 -

OAE 1 1 oo — L+ 1 . ]

0 50 100 150 0 50 100 150
tifs

5 0250 T T

= N . 1

11 >0.200 Y =200 ]

°© =

2 ]

W 0.150

C I R T R
.05 . .
300 400 500 600 0 100 200 300 400 500 600
tifs tifs

Morse + 50D bath, , ' — 12.5fs
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Application to model systems

O00@000000

Large baths

“Damped” LCSA

@ LCS approximation to system + p-bath + s-bath
System @ Classical approximation to s-bath, z5 ~ zg
Xy )& ,..%
' @ Continuum limit, Ohmic s-bath, T=0 k

o o Prlmary bath
o q1'°2 GG

izl = ixXk — shk + LkRe(xk)
1 BH

o
Xk = hCa S Hag (2 —2K) + 4 o’d( .z ZE L xa)

Secondary bath
fp r.‘,,..rs,..%

2
k() = e 2s ksz cos(wst) — nk(t) = 2nk (1)
“k

k(1) = S5 Asl(a°(0) — 3 (0))cos(wst) + £ sin(wst)] — 0
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Application to model systems
0000e00000

Large baths

“Damped” LCSA

0.170 T T T

0.160

E™/ev
°
2
(%]
o

e
o
e AL AL L R N H B R

| | Lo

10 100 1000
n'/ts

n Optimization: Morse + 50D bath, v~ =50fs, t = 150.0 fs
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Application to model systems

0O0000e0000

Large baths

“Damped” LCSA

True dissipative dynamics

| 1 1 | 1 1 1
-0.10
30 350 400 450 500 550 600 650 700 750 800
-0.50 - | | | ! | ! |
3-1.00
E.s0 4
“w -2.00 ' .
250 . | . | . | . | 1
300 400 500 600 700 800
0.25 — MCTDH (F=80) |
2020 — Damped LCSA (F=20)
2L Damped LCSA (F=80)
8,015 r
010 . | . | | .
o 200 400 600 800 1000

t/fs

Recurrence problem removed
Morse + nD bath, we" = 2u5,¢, v~ =200 fs, ' =12.5fs
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Application to model systems

0O00000e000

Large baths

Tunneling dynamics
Double well + 50D bath

|

098 |t T 3
IRAAARARS E|
ao9s b IAAR i E
2 VUYL AR §
Foo w|'” Wit
002
oo+ 1 1 3
%0 02 0.4
t/ps

o 200 4;)0 ‘; 1 2 ::/ 4 5 6 ;
tifs ps
Ep ~ 2 Kcal mol=', wsys = 816 cm™! Ep ~ 6 Kcal mol=", wsys = 1530 cm™!
weuof — 940 cm=—1,4—1 =50fs woutoff — 4390 cm=1,4~1 =50 fs
Standard LCSA, =" = cofs Damped LCSA, n=' =40 fs
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Application to model systems

0000000800

Large baths

Sticking dynamics
Eco//= 200 meV

-25

Morse + 50D bath, v~

t/fs

50 100 150
tifs

L0 e e e

P e I

T

L s e e

50 100 150
tifs

O
T T T

1 _
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Application to model systems
0000000080
Large baths

Sticking dynamics

Overview

R R R R 0
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Morse + 50D bath, =1 = 1.0 ps
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Application to model systems

000000000 e

Large baths

Sticking dynamics
Damped LCSA

5 008 i

0 = [ ]
> 5 0.04 - .
[ [ -
E T 3 [ i
~ 10 H
« 10F 5 [ ]
” C ]
415 |- 0.02-

20 L

P T A 0.00 e A 1L ST

0 50 100 150 0 50 100 150
t/fs t/fs

Morse + 50D bath, E.,; = 350 meV, v~ ' = 1.0 ps
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e Symplectic structure
@ General considerations
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Symplectic structure
[ o)

[CENETETIE

Hamiltonian flows

Symplectic manifold (M, w)

Manifold equipped with a closed, non-degenerate
2-form w, w = > wjydx'dx!

@ Non-degeneracy (|Jwjj| # 0):
a =Y aidx—Xa, w(Xa,V) = (V)
« has an associated flow, x = X,

In particular, H—dH—Xgy

— Hamiltonian flow, x = Xy e.g. classical Phase-Space is a

dH(Xy) = dH/dt = w(Xy, Xy) = 0 cotangent bundle M = T*(C)
@ Closedness (dw = 0): :j‘agural, tiuilt—in Zyr;nplectic form,
Ly,w=0 w=da,a=3ydx
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Symplectic structure
oce

[CENETETIE

Hamiltonian flows in variational QD

Time-Dependent Variational Principle §S = 0

iR (W) — () (W[ H)
2 ([ wiv)

Sample space = M with coordinates x’ (variational parameters) — |W(x)),
L=>"xZ(x) - H(x)
Q@ o= Zd(=w=da

If w = {wy}, wj = 8Z;/0x/ — 8Z;/9x" is non-singular = (M, w) is symplectic
@ Variational flow:

E wiiX' = ~—
ox!
= the variational flow is the hamiltonian flow of the hamiltonian H(x)
of og ;i
f,a} =wXp,Xg) = — =&l g=w!
{)g} w( fs g) ax' 8x'£ g w
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Summary

Summary

The Local Coherent-State Approximation is reasonably
accurate and computationally cheap to sudy

@ vibrational relaxation
@ tunneling
@ sticking
..dynamics in the quantum regime.

It experiences numerical problems but they might be solved in
the near future with robust, symplectic propagation schemes
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